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$1, INTRODC’CTIOS 
THE SEMI-LINEAR imbedding of a l-sphere in the 3-sphere raises many questions both alge- 
braic and topological in nature. We are particularly interested in the interplay between 
these questions. There are many theorems in the knot theory literature which make topo- 
logical assumptions, and draw algebraic conclusions (of course the contrapositive statements 
of those theorems make algebraic assumptions, and draw topological conclusions). Ex- 
amples of this type of theorem may be found in [I, 2, 3, 4 and 51, where the geometric 
assumptions involve: the existence of an alternating projection [I], the bounding of a locally 
flat disc in a half space in E4 [2], the crookedness of a knot type [3], the minimal number of 
changes of overcrossings to undercrossings to unknot [4], the genus [5]. The algebraic 
conclusions involve: the Alexander polynomial [I, 2, 51, the minimal number of generators 
needed to generate the fundamental group of the complement of the knot [3], the minimal 
number of generators of the abelianized kernel of the homomorphism from the fundamental 
group of the complement of the knot onto 2, [4]. Of course these results by no means 
exhaust the list of such theorems: left out, for example, are many partial results on the 
Smith problem (no non-trivial knot is the fixed point set of a periodic homeomorphism 
of S3). - 
The question investigated here may be stated in a purely algebraic form, which is 
expressed as follows. 
CONJECTURE A : The fundamental group of the complement of a non-trivial polygonal 
knot in the 3-sphere is a non-tririal free product with amalgamation, and the amalgamating 
subgroup is free. 
The source of this conjecture is geometric, and will be explained in the next section. 
In fact the conjecture will be strengthened, and expressed in geometric form. 
We have not been able to prove or disprove this conjecture. The main theorem pre- 
sented here makes a geometric assumption (which may have other applications) in order to 
obtain the algebraic conclusion stated in the conjecture above. 
The geometric aspects of the problem addressed here were also considerations of 
Aumann in 161, although his work was in a different direction, for he wished to prove the 
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asphericity of knots. The results he obtained imply the truth of our conjecture for knots 
with an alternating projection [7]. 
§II. GEOMETRIC CONSIDERATIONS 
The decomposition of the 3-sphere into two solid tori of genus 1 with intersection a 
torus T, gives rise to a well-known class of knots called torus knots. These, knots are the 
simple closed curves on T, and have been studied for example in (7, 5, 8, and 91. Any 
other decomposition of S’ into two solid tori of genus 1 is seen to give rise to an equivalent 
class of knots. On the other hand S3 may also be decomposed into two solid tori of genus 
greater than one, and the simple closed curves on a 2-manifold which is the intersection of 
these two solid tori constitute a larger class of knots than in the case of genus 1. In fact, 
by taking standard unknottedt imbeddings of solid tori of genus 1, 2, 3, . . . one obtains a 
sequence of knot classes by considering the simple closed curves on the successive 2-mani- 
fold boundaries of the solid tori. It is easy to see that this process exhausts all the knot 
classes. One may reason as follows: the boundary of a small neighborhood of the interior 
of a checker board surface spanning a knot separates S3 into two components, and a little 
reflection reveals that the closure of one component is a standard solid torus containing 
the knot on its boundary. 
While the above discussion shows that in a certain sense all knots are generalizations 
of torus knots, this point of view is not delicate enough for our purposes. The following 
considerations are in order. 
(1) The knots on a torus do not disconnect the torus, while the knots on a surface of 
higher genus may disconnect the 2-manifold on which they lie. 
(2) Curves on the torus, which do not intersect a given non-trivial knot on the torus, 
and are not contractible on the torus are not contractible in the 3-sphere with the knot 
removed, while the same may not be said for curves on a 2-manifold, which donot 
intersect a knot on the manifold. 
The latter point will be taken up in the next section. 
8III. ALGEBRAIC CONSIDERATIONS 
One of the chief tools used in the computation of the fundamental group of a space is 
the van Kampen theorem [lo]. It is the application of this theorem to the geometric de- 
composition of the 3-sphere which arises when a simple closed curve is imbedded on a 
standard torus which leads to such a neat presentation of the group of a torus knot. More 
precisely, let H,, H, denote two solid tori of genus 1 whose union is S3, and whose inter- 
section is a torus T. Let k be a torus knot of type (p, q), (winding p times one way, and 4 
times the other other way about T). Application of the van Kampen theorem to H, -k, 
H2 - k yields 
t A solid torus in S3 is unknotted if the closure of its complement is a solid torus. 
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(1) a,(S) - k) z T,(H, - k)x,(;_k,n,(H2 - k) 
z G,(a. b: up = bq). 
This property of being a free product with amalgamation occurs for two reasons: 
(I) x,((H, - k) n (H, - k)) = n,(T - k) is defined, that is. 7 - k is connected. 
(2) The natural mappings of n,(T - X) into ;il(H, - k) and rr,(T - X-) into r,(HZ - k) 
are monomorphisms. 
These properties of course are just those mentioned in $11 as not holding in general. 
and they are just what we need to prove our conjecture. 
There is still another reason why the algebraic decomposition described above is 
valid: namely the natural mappings n,(T - k) - rr,(H, - k) are not onto. This aspect 
will he dealt with in the nest section. 
:lV. FOR~IULATIO~ OF THE CONJECTURE 
In order to make any progress in effecting the algebraic decomposition of a knot group 
into a non-trivial free product with amalgamation we find it necessary to avoid a direct 
generalization of the simple situation of the torus knots. by relaxing the geometric restric- 
tions this direct generalization imposes. 
In considering (2) in Sections II and III the natural tools to use are the Loop Theorem 
[I I] and the Dehn Lemma [12]. However in applying these theorems we find that we can 
no longer keep our 2-manifolds in an unknotted condition. For this reason we shall not 
require the 2-manifold on which a knot is to be imbedded in S’ to be in any sort of standard 
position. 
Having done this. we are faced with the following difficulty. We may construct a 
small tube about a knot and carefully move the knot to the boundary of this tube. We now 
have imbedded the knot on a ‘-manifold (a torus) and have satisfied conditions (I) and (2). 
On the other hand the extra condition mentioned in the last section now assumes i,rIlpor- 
tance. The free product with amalgamation which is obtained is a trivial one. since 
the inclusion of the amalgamating subgroup in one factor is onto that factor. For this 
reason we introduce into the hypothesis of our main theorem a condition to prevent this 
occurrence, and state our geometric conjecture with suitable precautions. 
CONJFCTURE B: Let k denote a poij,gonal knot in S”. Then there exists a closed 
2-manifold ,\f in S’ satisf~Vng the fnllow*ing renditions: 
(b) A4 - k is connected: 
(c) n,(M - k) is in_jected isomorphically into the fundamental group of each com- 
ponent of S’ - ,2f. 
SV. M.4lN THEOREM 
DEFINITION. rl rkwd 2-manjfild M c S’ i.r calktl au interpolating manifold /or u 
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knot k if M ~3 k and k does not generate a non-tririal direct summand of the first hom&gy 
group of the closure of either component of S’ - M. 
Consider an orientable surface S in S’ bounded by k. A regular neighborhood of the 
interior of S is bounded by a 2-manifold M, which contains k, and on which k bounds. 
Since k is homologous to 0 in the closure of each component of S3 - M, we may therefore 
make the following 
DEFINITION. The interpolating genus of k, denoted gc, is the smaiiest integer gc such 
rhat k may be interpolated by a manifold of genus gc. 
Of course k is knotted if and only if gc > 0, and all torus knots have gc = 1. Further- 
more we notice from the remarks immediately preceding the above definition that 
(2) 
where g denotes the genus of k. 
The purpose of this section is to prove the following. 
THEOREM (1). If gc c 2g then conjecture Bis true. That is, there exists a closed 2-manifold 
M in S3 such that M 2 k, M - k is connected, and z,(M - k) is injected isomorphically 
into thefundamentalgroup of the closure of each component of S3 - M, so that TC,(S~ - k) z 
AgB’non-trivially and C is free. 
Proof. Let M denote the interpolating manifold of genus gc. We first note that if 
gc < 2g, M - k must be connected. Otherwise k would separate M into two 2-manifolds 
whose genera add to something less than 2g so that one would have genus less than g, and 
the minimality of g would thus be contradicted. 
Let T,, T2 denote the components of S3 - M. We shall prove that the natural in- 
clusions Bi : M - k -+ Ti induce monomorphisms 0: : nl(M - k) -+ II,(~). This will 
prove the theorem. 
These mappings will be assumed to have a non-trivial kernel, and we shall applytie 
Loop Theorem [ll], and the Dehn Lemma [12] to arrive at a contradiction. In order to 
apply the Loop Theorem, we need to know that the inclusion of M - k in M induces a 
monomorphism of n,(M - k) into x1(M). We shall postpone the proof of this, and assume 
for the moment that it is true. 
Suppose that 8, has a non-trivial kernel, then by our assumption, and the Loop 
Theorem, there exists a simple closed curve CL, lying on M - k not null homotopic on M 
and homotopic to 0 in T,. By the Dehn Lemma a bounds a non-singular disc D in T,. 
We thicken D slightly, obtaining a 3-41 cr with d- 3 a, ti n (D - r) = 4 and d- n T, an 
annulus with z in its interior. Let S be the closure of (if - 0). S has one or two components 
according as a does not, or does disconnect M. In either case k lies on the boundary M’ 
of one component, and the genus of M’ is less than gc, since z is non-trivial on M. It follows 
then that M’ is not an interpolating manifold for k, and k generates a direct summand of 
H, of one component of S’ - M’. Let U,, U, denote the components of S’ - M’, 
U, c T,, U, 3 T,. Let us describe T1 and u’2 in the two cases; a separates M, a does not 
separate M. 
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I. 2 separates M. S = M’ U M” 
(a) 2-t = (at U B U n,), where U’ is the component of S’ - M” not containing 
U,. d n U, = C, = a disc, 0 n (I, = C, = a disc; 
(b) vi2 = Tz U g U i7,. 
2. z does not separate M 
(a) T, = ut u 6, u n u, = D’ IJ D” = two disjoint discs: 
(b) gf2 = Tz IJ cr, B n 7, = A = an annulus. 
There are four possible explanations why M’ is not an interpolating manifold for k: 
Case (1) I separates M, k generates a direct summand of Hr(T7,); 
Case (2) a separates M, k generates a direct summand of H1(uz); 
Case (3) a does not separate M, k generates a direct summand of H,(U’,); 
Case (4) z does not separate M, k generates a direct summand of H,(Sf,). 
Case (I): Rewriting 2 (a), T, = (ti, U a) U (ui:, IJ a), so that 
H,(T,) = H,(ti,) EI H,(D,). The assumption that k generates a direct 
summand of H,(U,) implies that k generates a direct summand of T,, ‘and this is 
a contradiction. 
Case (2): Let q* : H,(T,) + H1(02) denote the map induced by the inclusion 
cp: 72+57,. It is easy to see that H,(o,, M’) = 0. (For example by excision of (Q’,- 
neighborhood of M’ in u,) one may obtain an isomorphism between HI@,, M’) and the 
obviously trivial group H,(S’, U,). Furthermore any l-cycle on M’ is homologous in Tz 
to a l-cycle on M. Hence a l-cycle on i?, may be pulled onto a l-cycle on M’, and then onto 
a I-cycle on M. Since M c T2 we may use the above process to pull a l-cycle C’ on iY2 
back to a l-cycle, c, on ‘I; so that Q*(C) = c’. More formally, M’ c 27, 3 Tz I M, 
(M u a) 2 M’, H,(M u a) = H,(M), and mapsf, g, h may be found to make the following 
diagram consistent 
- 
H,(u?, M’) = O-implies that h is onto, and the consistency of the above diagram implies 
that cp* is onto. Consequently we have 
0 + K + H1(T2) - H,(i7,) --* 0 
is exact. Since H,(T,) is free abelian, K is free abelian; Hl(u2) is also free abelian so that 
H,(T,) = H1(u,) @ K. Since k generates a direct summand of H,(V,), k generates a 
direct summand of H,(T,). This is a contradiction. 
Case (3): Consider the following part of the Mayer-Victoris sequence for the proper 
triad CT,; U,, a) + H,(D’ U D”) + H,(U,) @ H,(a) -+ H,(T,) 5 H,(D’ tJ D”) + . . . . 
G 
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Since H,( D’ lJ 0”) z Z @ Z, im(h) is free abelian. In addition H,(,D’ u 0”) is trivial 
hence H,(Tt,) = H,(o,) 8 H,(a) $ im(h). Consequently a direct summand of H,(g,) is 
a direct summand of H,(T,). thus if k generates a direct summand of H,(U,) we arrive at a 
contradiction. 
Case (4): Consider the following part of the Mayer-Victoris sequence for the proper 
triad (U, ; T2. a). 
B 
ffz@J + H,(A) : H,(a) CD H,(T,J + H,(uzJ d H,(A) - H,(a) 0 H,fTJ -) 
H,(u,) + 0. 
The last three terms of this sequence are Z. Z @ Z and 2 respectively. This implies 
that /I is onto. By Alexander duality H2(U2) = 0 so that ‘/ is a monomorphism. Since 
H,(a) = 0 
0 -+ H,(A) --) H,(7’,) - H,(o,) + 0 
is exact. All the groups in the last sequence are free abelian, so that H,(;i;) z H,(A) @ 
HI@,). With our assumption, this implies that X: generates a direct summand of H,(T,). 
which is a contradiction. 
Supposeg, > 1, since H,(T,) has rank gc neither A = rri(r,) nor B = n,(T,) can be 
free of rank equal to the rank 2g, - 1 of the free group rr,(M - k). It follows then that if 
gc > 1 then As,C;_k,B is non-trivial. 
If gc = 1 then k is a parallel knot, and a generator of Z =: n,(M - k) does not map 
onto a generator of the fundamental group of any component of S3 - M with fundamental 
group =Z, else k would generate H, of that component. It follows that if gc = I A * B is z 
non-trivial. 
This completes the proof of the theorem module a lemma. 
LEMMA (1). The natural inclusion 9 : M - k + M induces a monomorphism 
e* : iC,(M - k) + TI*(M). - 
Proof. A straightforward application of the Van Kampen theorem and the Freiheit- 
satz suffices to prove this lemma. 
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